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Motivation: Let’s use ideas from QI to probe
models of the natural world

AMO systems as a toolbox

Many body physics Quantum Information

Hubbard models Qubit registers
Lattice spin simulators Quantum gates ~ Memory

More speculative

Topologically phases Gapped .error protection
Topological QC




Outline

Protected quantum memory in surface codes as topological order
— Models with abelian quasi-particle excitations

Proposed implementation with polar molecules

Structure of polar molecules
Engineering spin lattice models

Constructing a model due to Kitaev on a honeycomb lattice having
topologically protected ground states
Verification: Measuring anyonic particle statistics

Extensions to spin one models

Conclusions




Topological order

« Systems with topologically order have some emergent symmetry in the
ground states that is not present in the microscopic egs. of motion

All physical correlation functions are topological invariants

Ground state degeneracy that depends on the topology of the underlying space.
Robust to perturbations (even those that break the symmetry of H)

Long range order exists despite absence of long range correlations of local

operators
Energy gap between ground and excited states that is independent of the number

of particles.

Impact

— Fundamental physics. Can be used as a model of emergent gauge fields and
particles with quantum statistics

— Quantum computation. Topologically protected quantum memory, fault tolerant
computation




|. Topologically protected . memory

Isomorphism between spins and 1-chains (pieces of string) on a
surface cellulation T =T(V, &, F)

— e.g. h qubits on a square lattice

no string (vacuum) = 0

string =1

e=[vy,v] €& ferF

A

L

119X XR190X®X®1®---1|vac)



The stabilizer formulation

Want a Hamiltonian with vertex and face operators that commute

H:_U(ng+zgf)

veY ferF

Gv = H Ze 9gr = H Xe 90, 90] = 95,951 = [90,9¢] = 0
e€{[x,v],[v,*]} ecof
— Generators of the stabilizergroupG G = ({g.,9/})

Ground states of H are ""stabilized” by G, i.e. they are eigenstates with
eigenvalue +1

1
— dimension of this eigenspace dim H® = Trace [% gze(:; g]

— Examples
— For two qubits, define G<{X1X2, ZlZQ}> = {14, XlXQ, leg, (ZY1)<’I,Y2>}

Trace{# g;g} =11 HO= o) = %(\om +111))

—  One qubit G={{X,Z})={+1s,£X,£(iY), £ 7}




Qubits on a plane

Ground state degeneracy for qubits on a p x q plane*

= —U( Z ZoyZoeyZesZey + Y ZeyZeyZey + ZX61X62X63X64 + Y Xe, X, Xe,)

top,bottom right,left

#V=(p+1)q  #F=plq+1) #E=n=pg+(p+1)(¢+1) =#V+#F +1

: 1
dimH,, = Trace[#G > ] Tracebn_l > g] =2  Can encode one qubit

geG geG

*A.Yu. Kitaev, Annals of Physics,
303, 2 (2003); quant-ph/9707021




Error Correction

* Single qubit (edge) flips create two boundaries (energy cost 4J.5)
— Z (X) errors create boundaries on the lattice (dual) lattice
— Errors can be corrected by fusing boundaries because trivial cycles are in the
stabilizer group
— Boundaries are quasi-particles with anyonic statistics (more on this latter)

Strings of X and Z errors Strings of X and Z error correction

* Logical error can occur on a k x k lattice due to non trivial cycle hence

code can correct {EJ errors

2




Slightly more generic construction using qudits*

Place a spin on each edge of latticel'(V,¢,V)
space of each spin on a lattice by a qudit
H(1,d) =Cl0) @ ---®C|d — 1)
H(n,d) = H(1,d)®" n=#E
Operator basis

X1|j) = |j+1 mod d)
Z1j) = €1j), for € = exp(2ri/d)
XaZb _ gaobeXa

Vertex constraints

go = Tlecpony Zellecp g 2
H, = _(gv +gi)

Potential term H;=U Z H, U>0
veVY

~ Claim. |w) is a ground state iff Jw = 0
—  Check: §o|w) = £&°|w) where Ow = cv+ Zw;év CopW

— hence, - :
~  with minimal eigenvalue iff |w) is a ground state of [

. Represent state

Chain Computational basis state

w:Znee — |w)

ec&

Pauli-group

P(n,d) = {€X®2Z%P a b € (Zyg)"}

For a lattice of valence k, this is of the form

Z®k: + (Z—1)®k’

w) is in the stabilizer {gv}) € P(n,d) i |w) is an eigenstate of each 1,

*S.S. Bullock, GKB, in preparation




Hamiltonian with TO cont.

We’re not there yet

—  The ground states of Hp are superpositions of cycles, but they are not topologically ordered
because the cycle space is not yet a topological invariant. Changing the cellulation changes
the degeneracy.

Face constraints
gr = XXX ... X of =37 _orer,. o €{l,d—1}
Hy = —(gs+9})

orientation (+/-)

Kinetic term
Hkg =g Z Hy
fer
Total Hamiltonian H = Hy + Hkg

— can show that

dlm(c( ) #Hl (F Zd)

- for a compact, connected, orientable surface of genus g,

e

— ground subspace (code space)

My 2 (€)%




Example: 2 punctured plane encoding 2 qudits
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Excitations behave according to a Z,;gauge theory

Excitations come in particle anti particle pairs
Each particle a charge-flux dyonic combination (a, b) € Lg X 2y

Particle mass: 2U (1—Re[€]) +2h(1—Re[€?)]) ¢ = ¢i2m/d

Particle creation Fusion

[(a, b5 (v, f))) x |(a’, 05 (v, f))) = [(a+ @, b+ b5 (v, f)))




Excitations cont.

Particle exchange Braiding

v a7 RE@D) (@) = € [(a,b)) (!, 1))

R |(a,b; (v, f))) [(a, bs (', 1)) = € |(a, bs (v, f))) [(a, b5 (', 1))




Il. Implementation of qubit code with polar
molecules in an optical lattice

lattices:

« prepare exactly one molecule per site
in optical lattice, e.g. starting from a BEC.

« ¢f. AMO-Hubbard models

Energy scales:

v/h ~ 100 MHz Spin-rotational

coupling

B/~ 10 Gita - o
Wese ~ 100 kHz Lattic_:e trap

_{MH, SPacing
/107y Baktodr

Lycat /A ~ 107 Hz Spontaneous
e emission




Primer to polar molecules

System: 2%, , hetero-nuclear molecules

in electronic-vibrational ground-states

 Alkaline-earth monohalides (CaF,CaCIl,MgCl...)
 single electron in outer shell

Electric dipole moment in superposition
of rotational states

* exp: Demille, Doyle,
Mejer, Rempe, ...

here e.g. CaF

elspin .. S € optical excitation

Alkali-like

—
dipole moment
W

talks to optical radation,

like an alkali atom talks to microwave radation
... as rotations on ~20 GHz




Rotational spectra of a single molecule

= rigid rotor
H=B N
N. My;
B, =B N(N+1)
S
sz I I I I I
d
npr

-:‘q=1 I $NE

EBN.?'_EJGHEI - /{1
g
N=0 =i

rotational ground state ...

= add spin-rotation coupling
H=BN’+7yNS
N.ILM;) (JEN=£1/2))

“+y N/2
By jores: = B N(N+D) + { —p(IN=+13/2

HD:'._"_‘
N=2 D,
] J:3.".2
3v/2 ~ 60MHz

|!P3:!l|
I ] J:3.".2

=1 "p ,-g”

r 1— .]-=1'2

I=1/2

N4

... as spin-1/2-system




Two polar molecules: dipole-dipole interactions

= interactions of two polar molecules features of dipole-dipole interaction:

0f1 S d; » long range ~147
[/ r=re, : :
= angular dependence (anisotropic)

dydr-3(dy 3 ) (3 $ $ > -S>

Vdd = repulsion attraction

= include spin-rotation coupling in adiabatic potentials for molecular dimers

N=1 Nae =11
A W] I N - e
ﬁl. :‘1'- _,"-.I,'_ T“-‘ :'1":- :"'n'l-:-

h b h I I . h = =
5:3|-1-r?}_clatl-3'1 dlpDIE-deDlE spin-rotation
couping coupling

Vim0 e el >

= At typical optical lattice spacing : )./2~. r=(2d%/y)!?
« rotation of dimers strongly coupled to spins
* Hunds case (c) excited states,  {[Y|,,=(r)} (Y=Z, My M)
« solvable in closed form due to symmeiries




I\/Iicrowave coupling with tunable spin patterns

Hpe = — Z d; = —7QY d; - Epe FrE—wrt) g 4 pc.
J

gf‘Hmf‘?L )>< ()‘Hmf‘gi> _ H.iw = (Hog(r)) el
B Y 17 R N o

= Feature 1: Tuning close to a resonance
one select a specific spin pattern, e.q.

Polarization Resonance Spin pattern

x 2, ORlex
0 GG

OQ— C)-LX C)-.X . C)-\‘ G’r + G: G:

. 02,— —o'c*+ 00’ + oot
(),} - )IC\)/ \/E OE’L _GXG,\’ _ G"'" G)(' + G:G:

polarization rel. to body axis, here set &, = 2




Lattice Spin Models using multiple fields

= Feature 2: for a multifrequency field spin textures are additive == toolbox

1D XYZ model /g % S—A"

T 1 1 o =
H = E Jzoioi + Jyolol + Joi0;

<17 >

2D Ising model

H = E Joio;
i

3D Heisenberg model

H = Z Joi - o;

<i,j>

Typical coupling strengths:

\J~ 10 - 100kHz

Polanzation Resonance
Z O,j
Y 0y
g 0y
0y 24
7 0
2 Oy
2 0.F
X 1,

sign adjustable by tuning above
or below given resonance




Spatial orientation dependent interactions

Example: Ising interaction

= Realization by tuning MW far blue from bare S, s~ P;,, transition A
oo B o0 GHz, v = 100 MHz _ (¢/B=0.01) y = 100 MHz, A,,= +150 MHz, Q = 0.5 MHz < >
\ 20 - ‘ ' |
\ r XX — XX |
Or , —al
__ -100} 101 V4 \A{
T S
S -200] 2 0 =
=300 | YY
-10{
-400 | , _
-500 | _20: ‘ . ‘ . ‘ ] .
0 y . 3 05 0.6 0.7 0.8 0.9 1 1.1 I
r/r.
v ¥ + + +
v 2, 10,+1, X/T, 2, 0,+

interaction given effectively by interplay of 3 resonances
 outer two yield single effective interaction

- optimal regime near 2, as spin-texture { 0”0” in direction 7
o0*0* in direction x

= Feature 3: Can choose the range of the interaction for a given spin texture




Realization with 2-body interactions

e Spin-1/2 particles on a honeycomb lattice*

*A.Yu. Kitaev, Annals of Physics, 321,2 (2006)
H=J, Z oiop +J1 Z a?a,g—sz Z o; 0.

x—links y—links z—links

— Exactly solvable

* Inthelimit,s,| > |J7.|, pairs of spins along z-links are mapped to a qubit
— New spin operators on each z-link:

Lyy®o; =2  0{/®o; =Y of®o; =X

Heff — _Jeff Z }/left ZuplfrightZdown
o

H eiX /4
Unitary transformation:
j>owhite

He—Jut(Y ZeyZeyZeyZey + Y Xey XeyXey Xe,) /1\ /1\ /K /K
T ylx y | x yl x y |z Y
+ | \( )/

— Protected q. memory

J1|J|

Jeft = 16.J4




Construction in an optical lattice

Bichromatic trapping One triangular lattice Q*bert lattice with nearest neighbor
beams in 2D, with staggered on top of another honeycomb graph. Edges connecting
relative phase shift nearest neighbors form orthogonal triads

Biperiodic trap in third

dimension /




Construction in an optical lattice

PLAYER1
oDoO0 150
CHRANGE T0O:

Q*bert lattice with nearest neighbor
honeycomb graph. Edges connecting
nearest neighbors form orthogonal triads

‘ ’/Y‘/\ /‘9\ of
X )

\ o
| ¥ /g/“\‘/// }:\
N =D




Results for system of 12 spins

Realization with 3 fields. Several field choices possible, e.g. all polarized

alongztunedto1,,0,,2,

Coupling Graph

2/ Az

4

3 <

2

IEN

Nau)

Spin pattern Residual long range
o%g% coupling strengths | J1r|
oro”
oVo¥ = — = <1072 |J,]
Other @ sseeersscnnnans < 10_3 |JZ|

|J1| =0.4|J,]

Operator fidelity (on a 4 spin configuration)
II _
sup || Hapin — HGu W) 12; (|w) = 1] = 107* |.J.]

For realistic parameters

|J.| =100 kHz = J.55 ~ 167 Hz

A. Micheli, GKB, P. Zoller, Nature Physics, 2, 341 (2006)




For larger gap need smaller lattice spacings:

assembled crystals

Engineer repulsive interactions*
example: induced dipoles

/5 A

2
_,:: hw, > By ~

a3

I a ~ 100nm

repulsion (1D, 2D)
other particles see honeycomb lattice

v w

AR A
L

strong trap: tight binding

dipoles generate 2D triangular lattice

self

H.P. Blichler, et al., cond-mat/0607294




Quasiparticle statistics

Excitations induced by single spin flips (along a z-link) represented by
particle pairs

— Consider translationally invariant 4-local interaction along diamonds with vertices on z-links

Heff — T Jeff E }/leftZquvrightZdown
<&

— Four superselection sectors: vacuum (no particles), Z particles (_]) on the left and right of a Z flipped spin,
Y particles () above and below a Y flipped spin, bound state of a Z particle and an Y particle (_<) flanking
an X flipped spin.

— Fusion rules (as obtained from the action of the Pauli operators):

xd=1 oxo=1 o xUo =1
xo=[01 Ox o =0 o x o =011

— Relative statistics under braiding:
Particles Statistical phase
O O 0
R 0
o s
Lo Lo 0




o [W(1)) = Y SZIA) Braiding T

o [W(2)) = e ST W(1)) = —=(|W(1)) — iSF|W(1))

\/_
e Adiabatically drag O left

=H+ Y  6J.(t)(0705)c + r(t) Ze(t)

e€ Path
2 ot
TR T
/Z Z 7
W(3)) = L(|‘I’(1)> —iSEurl¥(1)))

V2

® Adiabatically drag & CCW around @

(W(4)) = %(OI\P(I» —i0S5u1¥(1)))
° Adiabatically drag O right
[T(5)) = —5(0[¥()) —Zezﬁ(ZkYka)YkOSZ‘I’(l)Q
= (I‘P( )) + e SFP(1))
o |¥(6) = ZS A I6Y)

= %((1 +€P)iSZ|W(1)) + (1 — &%)

® Measure location of O

p . Dynamical+Berry
(S7) = sm@m phases

Statistical phase




For trivial braid use same steps but in different order

Adiabatically drag & CCW around @

Adiabatically drag Q left

Adiabatically drag Q right

Measure location of Q

(87) = sin(p)

Y




lll. Higher spin models

 E-E,,
[MHz]

+37.3
+25.0

+8.5

6.3

—47.0
—53.5

+17.5

—29.4

H,, = BN? + N - s @—I—GQC]

/

Fermi contact

3172 — [(I +1
4I(21 — 1)

A

Dipolar Electric Quadrupole

N J F
—_—3
| 27— 5
g 1
1 —_— 0
1/2
VM |
. 7
9127.49 MHz
s )
1/2
0
40Ca35C] _—
I=3/2
N =0

Encode here




hyperfine cont.

(0.1/2.2: 1,3/2.3)

(0,1/2,2; 1,3/2,2)

(0,1/2,2; 1,3/2,1)

(0,1/2,2; 1,3/2,0)

(0,1/2,1; 1,3/2,3)

(0,1/2,1; 1,3/2,2)

(0,1/2,1; 1,3/2,1)

(0,1/2,2;1,1/2,1)

A

(0,1/2,1;1,3/2,0)

(0,1/2,2; 1,1/2.,2)

0,1/2,1; 1,1/2,1)

~(0,1/2,1;1,1/2,2)

50 100 150
r [nm]

200 250

Asymptotic couplings exactly solvable

300

-32.6

-328

-33.2

-33.4

-33.6

(“ | | | |
w | ; |
/ﬁ
A (0,1/2,1;1,3/2,0) -
I 0,1/2,2;1,1122) |
50 260 ZgO 300
r [nm]

Can’t build generic two body Hamiltonians but can build a large class

Example Hamiltonian in terms of spin-1 rep of su(2):

Hg=U(S1- Sy — B(S1 - S)?)

Continuing work....

Built with 6 microwave
fields to allow tunable (3




Summary & Outlook

Recipe for building a class of Hamiltonians with topologically ordered ground states

We can design spin-spin interactions with polar molecules

« Tunable range and anisotropy
« Large coherence to decoherence ratio Q~800-10000 for reasonable trapping parameters

Examples of Lattice Spin Model with TO

* The Kitaev Model

» Gapped system with abelian excitations
» Feasible technique for measuring quasiparticle statistics

Can we increase the effective coupling (increase the gap)? Possible with self
assembled lattices---->closer lattice spacings

Building three body interactions




