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Out of equilibrium & strong correlations

® Many experiments : Pump probe, quantum dots, ultra-cold atoms, cavities.

Pump probe Nano-electronics Ultra-cold atoms

® Computational physics challenge :
® [xact methods for out of equilibrium systems, at strong coupling

® (Control, speed and precision

® |[ong time (after quench), steady state. Resolve various energy/time scales.
Early Monte Carlo have sign problem Muelbacher et al. PRB 2009;Werner et al PRB 2009; Schiro PRB 2009.




Example : a simple model for a quantum dot

® Anderson model with two leads (L, R).

Bath Local orbital Hybridization

H = Z Ekac};(mckga—I—Zeddgdg—l—UndTncu—l— Z gkga(claadg—l—h.a)
ko O ko

a=L,R a=L,R

< Vb
e
I Level width at U=0
L )

I'=7mpg 8

® Questions : Spectral function ! Kondo temperature ? Current !

We want a precise solution, at low temperature, any Vy, in steady state




Summary of the approach

® Perturbation theory in interaction U (10-15 orders) for physical quantities.

K
o, U) =) O,mU~
(=200

Interaction
Time

. Works even at long time, even in strong coupling regime (e.g. Kondo effect)

2. How to compute Qn(t) ? Cost O(2n).
High dimensional integrals.

Real time “diagrammatic” Quantum Monte Carlo
Beyond stochastic methods : Quasi-Monte Carlo (QQMC)

3. How to sum the series ?

® See also : Expansion around atomic limit.
“Inchworm” approach. Cohen, Gull, Reichman, Millis PRL (2015)




Schwinger-Keldysh
|- Notations




Three diagrammatic techniques.

® [=0:Ground state
® Matsubara :finite T, in thermal equilibrium

® Schwinger-Keldysh

® General. Equilibrium or out of equilibrium. Real time.

® A bit more complex technically.
It is not possible to write diagrams with only one Green function.

® Conceptually simpler.
Bath are explicitly included, no hidden relaxation (or Gell-Man Low theorem).



Notations

® Canonical fermion operator

® ab = multi-index : k, X, spin, ... everything but time.
{Cm C(];} — 5ab

® Chronological product
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Cap = £1 A, B both fermionic ? -1 else +1



Hamiltonian evolution

® Jotal Hamiltonian of the system, e.g.

H = Hdot + Hbath + Hdot-bath

® H(t) determines the dynamics in real time. Can be time dependent.

® Evolution operator Uy : evolves the state of the system from to to t

P(t)) = Un(t,to) [1(to))
® Heisenberg representation for operator A

A(t) = Uk (t,t0) Alto)Un (t, o)



Reminder : density matrix

® For the whole system (e.g. dot + baths)

® Describes the occupation of the levels.

Irp =1
pl =
0> 0 Study evolution of p

or correlators

for any operator A

® Thermal equilibrium : p=—e PH 7 — Tpe—BH



One particle Green functions

® Deﬁnitions G;—b—l— (t, t/> — ; <Tca(t)cg(t’)>
+,- :just notations G;b_ (t, t/) = _j <Tca (t)cg (t’)>
for the moment
Gl (1) = GE () =i () (t)ea(t) )
G (t,t') =G (t,t') = —i <ca(t)c;;(t/)>

® Only 2 Green functions are independents (from the definition of T)

(t =t )G, (t, 1)+ 0(t' — )G (¢, 1)

G (t,t) t
t,t’ (t' = )G (t,t)+0(t —t")G5 (¢, 1)

Gap (1,1
® In equilibrium, only one!
Fluctuation-Dissipation theorem, Kubo-Martin-Schwinger relation

<02(t/)0a(t)> = <Ca(t)CZ(t/ + @5)> G5 (w) = —e PYG7 (W)

0
0
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Schwinger-Keldysh
2- Diagrammatic expansion




General strategy

® Startatt =to (=0 in most slides below)

® With initial condition :
P = Po at thermal equilibrium with non interacting Hamiltonian Ho
at a temperature 3

® NB:itis possible to start with interacting equilibrium. Baym-Kadanoff contour.
Not covered here.

® Study the expansion of correlators at finite time.
Tr(poA(t)B(t')...)

® Build the diagrammatic at finite time.

/ \
® If needed, take the limit t, " — 00 or tg — —00

® Separate diagrams technique & thermalization/relaxation/bath questions.
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Interaction picture

® Hamiltonian evolution of whole system (dot + bath)
H = Hy+ V()
Non interacting part / \ Interaction (U term)

® Operator in interaction picture (# Heisenberg picture).

A

At) = gttiot fp—tHot

® Evolution operator in interaction picture
U(t) = et Uy (t)

DU (L) = V(U () ——> U(t) = Texp (—z’ /O tV(u)du)
1

U(0) =

|3
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Time evolution of a physical quantity

® Start at t=0 (t0) from a non-interacting equilibrium density matrix pPo

U(t) = T exp (—7; /O | V(u)du)

® Average of an operator A |
Average in

— nitial state

(A1) = Tr (pA(t) =
=Tr (oo (U(1)) AU (1))

® Expand the exp.

® Problem :notaT ordered product ! How to use a Wick theorem ?



Wick theorem : reminder

® Ho a quadratic (gaussian) Hamiltonian for fermions

Ho = ¢! Myyey

® Then the N body correlator is given by (C(P) is the signature of P)

n

<Tca1 (tl) ... Cq,, (tn)cjbfn (t%) s C:rb’l (tll)>() - Z C(P) H <TCC”c (tk)CZ/P(k)
PeS, k=1
= ot [(Tea 0ty )
K= gt
0

Zo = Tr (e PHo)

® Requires a “gaussian’” density matrix Po

® Wick theorem is valid on any contour, as long as a time ordering is defined.

|5
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Schwinger Keldysh double contour

® Every times is now a couple (t,a), a = £ | (Keldysh indices)

® (Correlation function

(Te A(t,a)B(t', o))
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® Diagrams : expand the exponential.
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Fundamental relation

® (Connect the notations +/- to the double contour
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Diagrammatics

® Same diagrams (topology, ...) as ordinary T=0 (or Matsubara) diagrams.
But with an additional index a for each time

® Any diagrammatic approximation (large N, DMFT, ....) can be generalized to non equilibrium

=0 “ordinary formalism™ Keldysh

b a , ba’ aad
Propagator 5 1Gap(t, 1) s > Gy, (t,1)
t t t t
C d ca da
Vertex Vabed a Vabed

a b a°‘q b a

® Vacuum diagrams canceled ® NoVacuum diagram

by denominator L=



Z I 19

(A(t)) = Tr (poA(t))
=Tr (oo (U(1)) AU (1))

— Tr (pOTexp (+i /O | f/(u)du> AT exp (—i /O | V(u)du))

o A=]. <I>=

® No “partition function”, no “vacuum diagrams”
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How to compute Qn(t) !

® Schwinger-Keldysh formalism Switchon T oW u t C
Qn is a n-dimensional integral interaction < . .
a;— A; A

Vertices. Times u;
Keldysh indices a = -1, |

Profumo, Messio, OP. Waintal
PRB 91,245154 (2015)

(Quasi) Monte Carlo Explicit sum

® f,is centered around t. Massive cancellations in the sum.
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Interaction expansion of the Green function

o Times ., vertices
/ bk
GfFaOé (t, t/) — Z ﬁ /duldUQ e dun (H U(UZ)) X
n=0 i=1
Keldysh indices

N [ aidet Mi({us}, {ai}) det Py ({ui}, {o})

o;,==x11=1
TS (un,ur) g2 (ur,un) . g2 (ug,up) | g2 (ug, t)
M, ({ukf,1ak}) = ,

ggnal (u’m ul) 9§”a2 (u’nv u2) e gc_f (ula un) ggna,(unv t/)
g:U=0 L go (bur) /0 oge(tue) .o g5 (L) g (t,t')
Green function.

g5 (u,ur) g% (ur,ug) ... g9t (ur, un)

P,({ur}, {ok}) =
95 (Up,ur) g9 (Un,u2) .. go (un, up)

® |ntegrand cancels except if ujare close tot =t’
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Clusterization around time t=t’. Cancellations.
lllustration at n = 2

det M(ay, oy, Uy, U,) 2 a,a, det M(ay, oy, Uy, 1)

0[1=il
a2=il

(t.Y)

10 . . . . O

0.064
0.056

0.048

0.040

S - 10.032

10.024

410.016

0,0) s

0.000

Profumo, Messio, OP, Waintal
PRB 91,245154 (2015)




® Expand Z

O

1"

' / du1 d”LLQ

1.

n=0
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Z=1| Revisited

Ha det Pr({u;},{a;})det Py ({u;}, {au})

Fo({ukf1ok}) =

o; =11 1=1
0
g (u,ur) g2 (ug, ug) gsron (ur, uy)
gar O (U, ur)  gem 2 (Un, u2) g5 (u1,upn)




Z=1| Revisited

® Expand Z - .
,L’TL
1 = Z:O - duidus . .. du, (1_[1 U(uz)> X
| | i det Py({u;}, {c;}) det P, ({u;}, {cvi})
o;==x11=1

Uq umax) — gai_ (uia umax) Vi

(umaxa uz) \V/Z

GHrt,t)=0(t—t)G T (t,t)+0{ — )G (t,t)

G (t,t") =0t — )G T (t,t )+ 0(t —t")GT~ (¢, 1)

® The dets do not depend on Qmax, SO it cancels the sum.
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How to compute Qn(t) !

® Schwinger-Keldysh formalism Switchon T oW u t C
Qn is a n-dimensional integral interaction < . .
a;— A; A

Vertices. Times u;
Keldysh indices a = -1, |

Profumo, Messio, OP. Waintal
PRB 91,245154 (2015)

(Quasi) Monte Carlo Explicit sum

® |ong time limit t— is easy. fn is centered around t. Massive cancellations in the sum.

® O(2") cost to compute fy(u). In practice,n = 10-15.
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K
o, U) =) O,mU~
(=200

Interaction
Time

How to sum the series ?
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Using the perturbative series:
three possibilities

|. At finite time ¢, the series is convergent Bertrand et al. Phys. Rev. X 9, 041008 (2019)

2. A infinite t (steady state), the series has a finite radius of convergence (for impurity, lattice
models). Need re-summation technique

3. Change the starting point, cf M. Ferrero’s talk, see also Profumo et al. PRB 91, 245154 (2015)
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Resum with conformal maps

Profumo et al. PRB 91,245154 (2015)
Bertrand et al. Phys. Rev. X 9, 041008 (2019)

U compIeAx plane Q _ Z Q 1" W complex plane

Strong coupling Riemann

Weak coupling
Schwartz-Christoffel

® Change of variable W(U), with W(0) = 0

A finite radius of convergence !

Singularities poles, branch cuts 0 = Z 0 U" = Z 0,W?




Let us end with some results
(quantum dot)

|- Equilibrium. Benchmarks.
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Reminder : model for the quantum dot

® Anderson model with two leads (L, R).

Bath Local orbital Hybridization

H = Z Ekac};(mckga—I—Zeddgdg—l—UndTncu—l— Z gkga(claadg—l—h.a)
ko O ko

a=L,R a=L,R

< Vb
e
I Level width at U=0
L )

I'=7mpg 8

® Questions : Spectral function ! Kondo temperature ? Current !

We want a precise solution, at low temperature, any Vy, in steady state
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Kondo effect in equilibrium

1
Alw) = — —ImGX(w)
Spectral function on the dot 4

® Sum the series for each frequency
independently

® Resumption of the series using
Kondo resonance conformal maps

® Benchmark with NRG
(numerical renormalisation group)

» C. Bertrand et al.
T=10""T Phys. Rev. X 9,041008 (2019)
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Kondo Temperature

C. Bertrand et al.
ZF Phys. Rev. X 9,04 1008 (2019)

| — 9,ReZR(U, w)| .

TI(U) =

Kondo temperature

Tx x exp(—al)

Our result

Naive sum
of the series

Convergence
radius
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Fermi liquid at low energy

® Equilibrium. Self-energy, away from particle-hole symmetry

—— Our result
-=-=-= NRG
Self energy (Re)
U/l'=06
Self energy (Im) ,
Im2(w) ~ w

—10 —9 0 D 10

C. Bertrand et al.
Phys. Rev. X 9,04 1008 (2019)




()

1

A(w) = — —ImG

Benchmarks

® Steady state inchworm
by A. Erpenbeck et al.
1.25 I
I
i
1.00 - B
U=-2¢ep=8I T
i T=0 i = = QQMC
0.75 ﬁ oA
R -E -- OCA
0.50 17 'II . inchworm
"’|=||‘|
-, . -
.l 476C?:§$§%- :»"'/'"\ ‘Q‘-wﬂ’g%?}i\\\\\
ifg | | -.-' | ""I"' | | Q\T:‘;
05 50 25 00 25 50 7.5

/1’

Figure from A. Erpenbeck
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® J[ensor network (MPS) + time evolution

1.01 U =6.0T "
Eg=T

—Im[GF(w)]T

---- FTPS
— QQMC

75 —-50 -25 00 25
w/T

C. Bertrand, D. Bauernfeind, P. Dumitrescu, M. Macek,

X Waintal, O.P.

50 7.5

Phys. Rev. B 103, 155104 (2021)



2-Non equilibrium
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® Destruction of the Kondo resonance by voltage bias

m['A
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OUt Of eCIUi“bl”ium Bertrand et al. 2019 *
Spectral function Phys. Rev. X 9,041008 (2019)
V,/T' =0.6 T A
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|-V, Characteristics

Bertrand et al. 2019
Phys. Rev. X 9,041008 (2019)
® Particle hole asymmetric case

Kondo effect
e 2 Unitary limit
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Distribution function on the dot

® Equilibrium, for all U. Fermi function.

Hw) = npl@ = pg) = 2 Fpr—

® Out of equilibrium for U = 0 (in the small g limit). Not a Fermi function

| | f(w)

g I%nF(a) — Uy +g I%nF(a) — Up)

flo)= g7 + &3

1/2

ML MR
lllustration at T=0, g| = gr

Effect of interaction ?
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Out of equilibrium distribution function of the dot

® Finite U, T=0 | 0 -= U/T=0

G~ (w)
2niA(w) =

N——"

n(w) =

Bertrand et al. 2019 | | . . !
Phys. Rev. X 9,041008 (2019) —2 —1 0 1 2




Conclusion

Perturbation theory for real time/out of equilibrium systems.
Success in quantum dots/nano-electronic systems.
Beyond Monte-Carlo ...

Next steps : lattice, DMFT solver out of equilibrium.
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Thank you for your attention!




