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Why is it useful?

1. Orders of magnitude less computationally
demanding than DMFT (note also recent combination with ML).

2. Variational (7=0).

3. Extensions to finite temperature & time-dependent
problems.



Limitations

1. No accurate description of the Mott phase.

2. No access to high-energy excitations (Hubbard
bands).

3. Mott metal-insulator transition-point can be
overestimated.

(Note: recent extension g-GA resolve these problems...)



Why is computational speed important?

Exploring large
chemical spaces
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THE U.S. MATERIALS GENOME INITIATIVE

“...to discover, develop, and deploy new materials twice as fast, we’re launching what we call the Materials Genome Initiative”

OMeeting Societal Needs ¢ Accelerating Our Pace

Advanced materials are at the heart ---M
of innovation, economic opportunities,

and global competitiveness. They are

the foundation for new capabilities, (t&
tools, and technologies that meet /
urgent societal needs including clean

energy, human welfare, and national
security.
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President Obama, 2011

The U.S. Materials Genome Initiative (MGI)

W\ challenges researchers, policymakers, and

business leaders to reduce the time and
resources needed to bring new materials
to market—a process that today can take
20 years or more.

Discovery Development

The MGI is a multi-agency initiative to
renew investments in infrastructure
designed for performance, and to
foster a more open, collaborative
approach to developing advanced
materials, helping U.S. Institutions
accelerate their time-to-market.
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Outline

A. Quantum Embedding (QE) methods.

B. GA method (multi-orbital models): QE formulation.
C. DFT+GA algorithmic structure.

D. Spectral properties.

E. Examples of applications.

F. Recent formalism extensions (g-GA).



trongly Correlated Materials

Systems with localized d- or f-electrons:
Single-particle picture not sufficient!
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Algorithmic structure of QE methods
(DMFT, DMET, GA, g-GA,...)

Self-consistency

S(X)

Embedding Hamiltonian
or impurity model - .

(computational bottleneck) Impurity 7 o




Dynamical mean-field theory of strongly correlated fermion systems
Exa m ple. D M F I and the limit of infinite dimensions
|
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GA/RISB (connection with DMET)
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Outline

A. Quantum Embedding (QE) methods.

B. GA method (multi-orbital models): QE formulation.
C. DFT+GA algorithmic structure.

D. Spectral properties.

E. Examples of applications.

F. Recent formalism extensions.



The Hamiltonian:

Z Zozlgtaz l;fm kjﬁ_l_zzl ZOC
/ 1,]2>20 o 1> /

K: Crystal momentum R: Unit cell

1. Projector information:

I = 0: Uncorrelated modes

1 = 1: First subset of correlated modes (e.qg. d orbitals of atom 1 in unit cell)

1 = 2: Second subset of correlated modes (e.g. f orbitals of atom 1 in unit cell)



The GA variational wave function:
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The GA variational wave function:

[We) = P|Wy) = H Pril Vo)
R.i>1

= ) [Al, TR, i)(n; R, ]
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Our goal is to minimize (¥ | H| ¥ )
wrt {A i > 1}, |¥P,).

Wi s¢ i /

PHYSICAL REVIEW X 3§, 011008 (2015)

Phase Diagram and Electronic Structure of Praseodymium and Plutonium

Nicola Lanata," Yongxin Yao,>' Cai-Zhuang Wang,2 Kai-Ming Ho,” and Gabriel Kotliar’

week ending

PRL 118, 126401 (2017) PHYSICAL REVIEW LETTERS 24 MARCH 2017

Slave Boson Theory of Orbital Differentiation with Crystal Field Effects:
Application to UO,

Nicola Lanatd,"’ Yongxin Yao,>" Xiaoyu Deng,3 Vladimir Dobrosavljevic’:,1 and Gabriel Kotliar™*
B



Our goal is to minimize (¥ | H| ¥ )
wrt {A i > 1}, |¥P,).

_/ Quantum-embedding
2V x i formulation

b

Self-consistency

/ 2Ui X 2Ui

Impurity : Bath !




Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (V- | H| ¥s) interms of {A5}, | W)

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



Gutzwiller approximation:

\\PG) can be treated only numerically in general:

We will exploit simplifications that become exact in the limit of co-coordination lattices.
In this sense, the GA is a variational approximation to DMFT.

Gutzwiller constraints:
<\P0\@T \‘P()):(‘Po\‘{'o):l
<lP()“gj meleb“P()> — <lP()‘f1§iafRib“PO> Va,b & {1,,,,]/1-}



Gutzwiller approximation:

| 'Y ~) can be treated only numerically in general:
G

We will exploit simplifications that become exact in the limit of co-coordination lattices.
In this sense, the GA is a variational approximation to DMFT.

Gutzwiller constraints:
(‘Po\g’};i@m\‘{'o) = (Fo|Pp) =1
<W0‘@I{i@mf1§mfmb‘ly0> P <lPO‘fl§iafRib“PO> va,b € {l,..u;

Sy D
Wick's theorem: (¥,|cic/c.cilWo) = (¥olcicql Po)(Poleje. o) — (Pol cic. [Po)(Fol ¢ cal Po)



Gutzwiller constraints:

P

<\PO‘qu lealeb“P()) - <\P0‘f1§iafRib‘lPO> Va’b c {1""yi}
Key consequence:

<lPO ‘ g} leafsz ‘ ‘P()) — <‘11() ‘ ng 'iji ‘ lPO><\PO ‘fliiafRib | ‘PO>

T <\PO ‘ [ ]leafsz ‘ \P()>2—legs



Gutzwiller constraints:

<To\gﬁ P -\‘Ijo> = (Fo|¥p) =1
(Pol 1P ri fiarin | ¥0) = (¥olfialrin | o)

Va,b e {1,..,u;}

Key consequence:
(Yol PP i Faialiin | Yo) = (P 22 1 Wo)(Po | o | Fo?

T <\PO ‘ [ ]leafsz ‘ \P()>2—legs



Gutzwiller constraints:

P

<\PO‘qu lealeb“P()) - <‘P0‘f1§iafRib‘lPO> Vd,b c {1""yi}
Key consequence:

<lPO ‘ gj @Rl '/Rlaleb ‘ LPO> — <qjﬂ | l(laf.Rib ‘ \PO>
T <‘PO ‘ [ ]meleb ‘ \P()>2—legs



Gutzwiller constraints

<lPo\9“ﬂL9J .‘\11()):(\110‘\110):1 @9;

<‘IJO‘@ lealeb“P()) - <‘P0‘f1§iafRib‘lP()> Vd,b & {1,,,,1/1-}

Key consequence:

(Fo [ ]f Ria/Rib [ ¥0)2tegs =0 va,b



Gutzwiller constraints:

<lPO“gj meleb‘\I’()> - <\P0‘f1§mfRib‘lP()> Vd,b c {1""Ui}

Key consequence:




Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (V- | H| ¥;) interms of {A5}, | Wy).

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.
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The Hamiltonian:

K: Crystal momentum R: Unit cell

1. Projector information:

I = 0: Uncorrelated modes

1 = 1: First subset of correlated modes (e.qg. d orbitals of atom 1 in unit cell)

1 = 2: Second subset of correlated modes (e.g. f orbitals of atom 1 in unit cell)



Local operators:

(W60 | 1¥6) = (¥o| P70|cf |2 %)

Rla Rla Rla Rla

— <‘PO| H @ R7’ @T @[ Rza Rl(x]@ |\PO>
(RI)#(R,D)



Local operators: (disconnected terms)

<‘PO| H @ R’ @[ Rza Rla] Ri | lPO)
(RLI)#AR,0)
= (Yol || PpiPril Vo) X (Yol P.0lcks riad Pril o)

(R5)#R,0)



Local operators: (disconnected terms)

<‘P0| H g) R}’ @[ Ri’ Rla] Ri | lPO)
(R51)#R,0)
/——— (GA and G. constraints)
= (o] i>A ' |\PO>X<\P0|@ lea Rza]‘@RillP())

(R51)#R,0)



Local operators: (disconnected terms)

<‘PO | H @ R’ @[ Rza Rla] Ri | lPO)

(R51)#(R,0)




Local operators: (connected terms)

<‘PO | H @ R’ @[ Rza Rla] Ri | \P())

(R51)#R,0)



Local operators: (connected terms)

— T — —

<‘PO| H @ <‘g Rio’ Rla] Ri | \P())

(R5)#AR, )

(GA and G. constraints)



Local operators:

<‘PG|@[ | >_<‘Po|@ ]g’ |\Po>

Rla Rla] [ Rla Rza

Non-local 1-body operators, i.e., (R, 1) # (R’ 1'):

<‘PG| ‘Ria Rzﬁl‘y ) =[{Fol [“@Rz ngJ ][@I{z Rzﬁ Rz] | o)




Non-local quadratic operators:

~~
<‘PG| Rla Rlﬁl‘P > o <‘PO| l Ri Izla@ ][@I{z Rlﬁ Rz] |\PO>

Z (], me] [Z [‘%i];b fR’i’b

a b

— <‘Po | | To)

Where &% . is determined by: P

<\PO | @Rl Rl(l@leRlCl | ‘P()) = 2 [9? ]a 0‘<‘PO |fI§za lea | \P())



Non-local quadratic operators:

tgjir{icl?;iofiji g Z [%i]aa fliia

I',n

. ‘\ __ T QI(F) T qu(F)
TR, i) = [CRH] [CRM 10)

R, i) = [ff;il] q,(n) o [ff;iyl] q,n) 10)



Varlatlonal energy:

ZZZZfE@ RDIPN L

y a=1 p=I1 R i>1

5= | %4 U@T] (B0l i W) + Y (W | P AP W)
Kij ab R,i>1

Where: (Y| P ¢l P [ [ W) = Z (Rl Yol 3 i | Po)

<‘PO“gJ lealeb‘\P()) : <\PO‘fI§iafRib‘\PO> Vd,b = {1,,,,1/1-}



Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (‘P | H| ¥;) interms of {A5}, | W)

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



Variational energy:

=YYy [9@ f U@?‘] (Bol i S| Bo) + Y (Wol P AP | W)
Kij ab R,i>1

Where: (¥l Ph et P fo. 1P = Z (R (Yol fl frial W)

(To\g’;lg’m\‘yo) = (Yo Py =1

<‘PO“@ lealeb“PO> — <\PO|fI§iafRib“PO> Vd,b c {1"'91/1'}



Variational energy:

6= 2 X | R | ol | ¥o) + X (Bl P e Py,
Kij ab R,i>1

= Z [Raal (Yol fr Sris | Po)

<‘PO“@ lealeb‘lP()> — <‘PO‘fI§iafRib“PO> va’b c {1’”’Di}



(Wol 2L P | Po)|= Tr|PPATA | =1

<lP() ‘ ‘@ lealeb ‘ ‘PO> N TF[POATA FTF ] — <qJO ‘fIZiafRib ‘ \P()) = [Ai]ab

I 1a ib

(Yol P40 ) P Y] = THPOATBIEL F, A

[ Rza Rla

<‘P ‘@Rl Ria Rif Ria | lPO> = Ir [POAZL F;;Az Fla]
Where: Pri= ), NI, TR i) R, |
Fialr = DR A TSR ) 10 o0
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(Wol 2L P | Po)|= Tr|PPATA | =1

(Wol PP fr. [ [ PM= Tr|PPATAFIF, | = (Pl fE. frn [ P0) = [Ay
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I 1d 1 l1ld

Ri Rla Rif Ria

Where: Matrix of SB amplitudes:

[F e = (I Ry 1 cpig | T R, 0) 0



(ol ‘@I{zgjm [Wor|=Tr [quqbi] —

<‘PO ‘ @ leafsz ‘ ‘PO> = 1r [QbTle F;ZFlb] B <‘PO ‘fliiafRib | LPO> F [Ai]ab
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[ Rla Rla

Ir [Qbe 12¢z F la Z [Ai(l ~ Ai)] fa Matrix of SB amplitudes:

d. = Ay /PP



Variational energy:

ZZZZMJ RDIPN L
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Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (¥ | H| W) in terms of {Ais1) 1 Po)-

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



Quantum-embedding formulation - x o~

)
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Quantum-embedding formulation 2 5 D

(@i, — | D)) = Z[¢]rn|r i) ®|n )
szixzvi . O

Impurity : Bath :

N =Y g,
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Quantum-embedding formulation -« o=
(i, — [ @) = Z e 2NNV 1, | T i) ® Upgy| 15)
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—1 Impurity 1 Bath 1
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Quantum-embedding formulation -« o=
(i, — [ @) = Z e' 2NNV 1, | T i) @ Upgy| 15)

( [n /
' @ O

N(n) = ) q,(n)
a=1 Impurity 1 Bath 1
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Variational energy:

ZZZZfE@ RDIPN L

y a=1 p=1 R >1
&= Y Y |RisZ| (Folf o 1%+ T (@il 8] 19
Kij ab R,i>1

Where:  (0,¢ ] |®,) = Z (Rl [A1 = B)]F

(D;|D;) = (Y| Fp) =1

(@11, 119 = (Bl fi. for | ¥o) = [Ay,  Vab € (1)



Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (V- | H| ¥;) interms of {A5}, | W)

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



Variational energy:

E=0 0 [@ I 119?1 <‘Po\f£mf;qb\‘l’o> + ) (@ | Hg[el e | 1)

Kij ab R,i>1
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Varlatlonal energy:

& = Z Z [‘% Ik IJ%T] <T0‘f£la]i‘(]b‘\PO> T Z (D, ‘Hi({)c[

Kij ab R,i>1

Where:  (®,[¢] /. | D) = Z (Rl [A1 = 2]
(P |P)y=1«  ~E \— E/nps
<(I)i‘q)i> =1 «— T Eic
<Wo\f1§mfRib [Wo) = [Ajlyy & [/11] A

(@17, 1 1@ =[A],, « — [Af],



Lagrange function:

1 .
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- Z [Z ([/ﬁti]ab T [/Il'c]ab) [Ai]db T Z ([@i]aa[‘%i]ca[Ai(l - Ai)]éa - C.C.)

1> 1 ab caa
Where.
ﬁqp[%’/ﬂ — Z 2 [%itk»ij%;] kla jb T Z Z 4 ]abflila Rjb

K,ijj ab Ri ab

H™P[D, 2] = Higelet ¢ Z (D)8l f, +H.C.)+ Z X ab Fi

la la ada 1o la



Lagrange equations:

]
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Ikawf(%k@uz ] Z Z [ i)]z — |2,

c,a=1 a=1
4
[Ai(l—Ai)]jb 2, [%i]ca+c.c.]+[li+ll?]s=0 — [

H™ | @) = ES|®) — | D)

- : L
FOl = (@e] J 12) = X A (1-4) |2 [#] =0

l
- ad

c=1

| _ > o 3 !
‘/ri _ab_ <(Di‘fibfia‘(bi> [Ai]ab_o




Lagrange equations:

1
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1
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Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (V- | H| ¥;) interms of {A5}, | W)

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.
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DFT+GA: algorithmic structure
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Kohn-Sham scheme:

Elpl = Tyslpl + Egxclpl + Jdr V(r) p(r)

Txslp] = min (W | T|¥,)

VY, —p

min &[p] = H}Pin [(‘Po | T + Jdr V(r)p(r)|Y¥,) + EHXCRTO ra lI'O>]
P 0



Kohn-Sham scheme:

Elpl = Tyslpl + Egxclpl + Jdr V(r) p(r)

Txslp] = min (W | T|¥,)

VY, —p

min &[p] = H}Pin [(‘Po | T + Jdr V(r)p(r)|Y¥,) + EHXC[<T0 ra lI'0>]
P 0

S[Wo. p(0), F(0)] = (| T+ Jdr V() A1) | Wo) + Enpeclp]

Enforcing

+ Jdrj (1) ((Fo | () [ Wo) —p(1) w definition of p(r)



Kohn-Sham scheme: po(r)
Elpl = Tislpl + Eyxclp] + [dr V(r) p(r) jf)
TKS[IO] — min <LPO ‘ T‘ lI’O> Solve ﬁKS

Yo—p & calculate p(1)

mpin Elpl = H}Pm [(‘Po | T+ Jdr V(r)p(r)|¥,) + EHXC[<‘PO a lI1()>]]

S, p(r), F(r)] = (¥ T+ {dr (V(I') + f(r)) P ¥Yo) + Egxclp] — Jdrj(r)p(r)

\' ﬁKS



Kohn-Sham-Hubbard scheme:

+ ) E (W | N | ¥e))

1>1
Elpl = Txsulpl + Egxclp] + Jdl' V(r) p(r) T
T - : A Projectors over “correlated”

KSH [P] = 111N <lPG | T‘ lPG degrees of freedom

e -+ Z

min &[p] = min [(‘PG\ T+ Jdr V(r) p(r) + Z ﬁiUi’Ji [ W)+
P Ye 1>1

+EHXC[<\PG a ‘IJG)] T EOZ’J((LPG na WG))]



Kohn-Sham-Hubbard scheme:

min &[p] = min [(\PG\ T+ Jdr V(r) p(r) + Z ﬁiUi’Ji | W)+

P Yq 1>1

+Epxc|(Yelp1¥e)| + ZEUJ (Y6 IN;: | ¥6))

i>1

Enforcing

+ Jdrj (r)((‘PG [p() | W) —p (r)) " definition of p(r)

) A o Enforcing
+2Vi (<\PG‘Ni‘\PG> Ni) " definition of NV,

1> 1



Algorithmic structure:

ﬁKsH =T+ Jdr [V(r) + j(r)] p(r) + Z (ﬁiUi’Ji + VdeNi)

1> 1

Vi

l

l

dEUJ
AN

Solve Hyqy with GA
& calculate p(r)

Check Vd

Fixed V4
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Spectral properties

Ground state:  |Y;) = 2 |Y¥Y)
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Spectral properties

Ground state:  |Y;) = 2 |Y¥Y)

Excited states:  |WV¢') = P& |'W)

/2

Ay sk, 0) = (Y5l . (w—H) ij ﬂ |P.) + (P Coig 5w + H) ¢ |'Pe)
- A(K, 1 1

gk, w) = J de & @) ~ P P
e W —E€ ® — [ReRT + ] w—t,.— 2(w)



Ground state:  |Y;) = 2 |Y¥Y)

' ] k
Excited states:  |WV¢') = P& |'W)
Ak, @) = (Pslc . (o — H) ckJ " ¥y + (P Caig 0@ + H) ¢ |'Pe)
[Olyoxvo 0 0 1 _ %j@l y T i
Swy=| 0 Z@ .. 5 2{(®) = 1, — QW T [‘%z] 4, [%z]

6 ZM.(a))

Spectral properties
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the g-GA method

PHYSICAL REVIEW B 96, 195126 (2017)

Emergent Bloch excitations in Mott matter

Nicola Lanata,' Tsung-Han Lee,! Yong-Xin Yao,” and Vladimir Dobrosavljevié

1

PHYSICAL REVIEW B 104, L081103 (2021)

Quantum embedding description of the Anderson lattice model with the ghost

Gutzwiller approximation

Marius S. Frank ©,! Tsung-Han Lee ©,> Gargee Bhattacharyya®,! Pak Ki Henry Tsang,? Victor L. Quito ®,*3

Vladimir Dobrosavljevié,> Ove Christiansen ©,> and Nicola Lanata

1,6,*

PHYSICAL REVIEW B 105, 045111 (2022)

Operatorial formulation of the ghost rotationally invariant slave-boson theory

R

PHYSICAL REVIEW MATERIALS 3, 054605 (2019)

Nicola Lanata®”
- —

Exciton Mott transition revisited

Daniele Guerci, Massimo Capone, and Michele Fabrizio




The GA variational wave function:

|‘Pc;> =@|To> — H @Ri|‘Po>

R,i>1
PR = Z
I 'n

)

Square matrix: 2% X 2V




The GA variational wave function:

W) =P Y) = H Pri | Po)

R,i>1
‘@Ri = Z
I'n

[Ai]rn | F; Ra l><n9 Ra l |

)

Rectangular matrix: 2% X 2V



The GA variational wave function:

|‘11G>:‘@|‘11()>= H L@Ril‘ljo>
R,i>1

PRri = Z [Adr, [T R i R, 0

Fn)’

Rectangular matrix: 2% X 2V




The GA variational wave function:

|‘PG> =@|‘Po> — H @Ril‘l’&

R,i>1
PR = Z
I 'n

Self-consistency

(Al TR, iV R, i

)

Rectangular matrix: 2% X Vi

f Vi x Qi
O

O

Bath :
Impurity ! Q



Benchmark calculations Hubbard model:
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Benchmark calculations ALM:
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First exploratory benchmark: DFT+GA
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First exploratory benchmark: DFT+GA actinide systems
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