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Helium is a Quantum Liquid
Superfluid is a 
fundamentally 
quantum state of 
matter

P. Kapitsa; J. Allen and A.D. Misener (1938)

•dissipationless flow 
•quantized vortices 
•non-entropic flow
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What Makes 4He so Quantum?
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Helium-4 is the only 
atomic bosonic 
system with  λdB ∼ rs  
at T ~ O(1 K) 



Superfluid 4He is a 
macroscopic quantum 

phase of matter!

Is it entangled?



Measuring Entanglement 
 algorithmic development in d-dimensional continuous space

Area Law in 4He 
entanglement scaling in a real quantum liquid

A
A

Entanglement and Entropy 
quantifying uncertainty in many-body systems

A Ā



Toy Quantum Matter
bosons with hard-cores on a 1d lattice

L = 4 sites

N = 2 bosons

kinetic potential
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Investigate the quantum ground state for  
different interaction strengths V



V ≪ 1

V ≫ 1

What are the ground states?
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A Quantum Bipartition
Break up the system into two parts  
and make a local measurement on Ā

A Ā

Suppose we find: in Ā what do we know about A?

V ≫ 1 no uncertainty =  
complete knowledge

V ≪ 1
uncertainty =  
incomplete knowledge

?



Quantifying Entanglement with Entropy
Entropy: A measure of encoded information

Entanglement: Non-locally encoded quantum information 

Entanglement Entropy: A measure of entanglement 

A Ā

S(A) = 0

V ≫ 1V ≪ 1A Ā

S(A) > 0

S(A) : how entangled is A with Ā
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S(A) = �Tr�A log�A

probabilities encoded in  
reduced density matrix 

Shannon von Neumann
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Experimental Measurement
Density matrix is generally inaccessible

Measurement becomes exponentially difficult!
4 particles on 4 sites:  ρ ~ 105 entries

C. F. Roos et al, PRL 92, 220402 (2004)

Re ρ Im ρ

with an intensified CCD camera separately for each ion.
Observation of fluorescence indicates that the ion was
projected into the S1=2 ! j1i state; no fluorescence reveals
the D5=2 ! j0i state. By repeating the experimental cycle
200 times, the average populations of all product basis
states j00i, j01i, j10i, and j11i are determined.

A Bell state is created by applying laser pulses to ion 1
and 2 on the blue sideband and the carrier. Using the Pauli
spin matrices !x,!y,!z [13] and the operators b and by

that annihilate and create a phonon in the breathing
mode, we denote single qubit carrier rotations of qubit
" by

R""#;$# $ exp
!

i
#
2
"!""#

x cos$% !""#
y sin$#

"

(1)

and rotations on the blue sideband of the vibrational
breathing mode by

R&
" "#;$# $ exp

!

i
#
2
"!""#

x by cos$% !""#
y b sin$#

"

: (2)

The Bell state !' $ "j10i' j01i#=
###

2
p

is produced by
the pulse sequence U!' $ R&

2 "%;'%=2#R2"%;%=2# (
R&
1 "%=2;%%=2# applied to the j11i state. The pulse

R&
1 "%=2;%%=2# entangles the motional and the internal

degrees of freedom; the next two pulses R&
2 "%;'%=2# (

R2"%;%=2# map the motional degree of freedom onto
the internal state of ion 2. Appending another % pulse,
U"' $ R2"%; 0#U!', produces the state "' up to a
global phase. The pulse sequence takes less than 200 &s.

To account for experimental imperfections, the quan-
tum state is described by a density matrix '. For its
experimental determination we expand ' into a super-
position ' $ P

i(iOi of mutually orthogonal Hermitian
operators Oi, which form a basis and obey the equation
tr"OiOj# $ 4)ij [14]. Then the coefficients (i are related
to the expectation values of Oi by (i $ tr"'Oi#=4. For a
two-qubit system, a convenient set of operators is given by
the 16 operators !"1#

i ) !"2#
j , "i; j $ 0; 1; 2; 3#, where !""#

i
runs through the set of Pauli matrices 1;!x;!y;!z, of
qubit ".

The reconstruction of the density matrix ' is accom-
plished by measuring the expectation values h!"1#

i )
!"2#

j i'. A fluorescence measurement projects the quantum
state into one of the states jx1x2i, xi 2 f0; 1g. By repeat-
edly preparing and measuring the quantum state, the
average population in states jx1x2i is obtained from which
we calculate the expectation values of !"1#

z , !"2#
z , and

!"1#
z ) !"2#

z . To measure operators involving !y, we apply
a transformation U that maps the eigenvectors of !y onto
the eigenvectors of !z, i.e., U!yU%1 $ !z, where U $
R"%=2;%#. Similarly, the operator !x is transformed into
!z by choosing U $ R"%=2; 3%=2#. Therefore, all expec-
tation values can be determined by measuring !"1#

z , !"2#
z ,

or !"1#
z ) !"2#

z . To obtain all 16 expectation values, nine
different settings have to be used. For each setting, the
experiment is repeated 200 times at a repetition rate of

50 Hz. The whole reconstruction process is therefore
completed in less than 40 s. Since a finite number of
experiments allows only for an estimation of the expec-
tation values h!"1#

i ) !"2#
j i', the reconstructed matrix 'R

is not guaranteed to be positive semidefinite [15].
We avoid this problem by employing a maximum like-
lihood estimation of the density matrix [15,16], fol-
lowing the procedure as suggested and implemented in
Refs. [16–18].

For the pulse sequence that is designed to produce the
state !& $ "j10i& j01i#=

###

2
p

, we obtain the density ma-
trix '!& shown in Fig. 1(a). The fidelity F of the recon-
structed state is F $ h!&j'!& j!&i $ 0:91. To produce
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FIG. 1. (a) Real and imaginary parts of the density matrix
'!& that approximates !& $ "j10i& j01i#=

###

2
p

. The measured
fidelity is F!& $ h!&j'!& j!&i $ 0:91. (b) Real and imagi-
nary parts of the density matrix '!% that approximates !% $
"j10i% j01i#=

###

2
p

. The measured fidelity is F!% $ 0:90.
(c),(d) Density matrix elements of (c) '"& and (d) '"% .
Here, F"& $ 0:91 and F"% $ 0:88.
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How does entanglement 
scale with the size of 

the subregion?

S(ℓ) ~ ℓ λ

λ = ?

ℓ

ℓA
Ā



Area Law in 4He 
entanglement scaling in a real quantum liquid

A
A

Entanglement and Entropy 
quantifying uncertainty in many-body systems

A Ā

Measuring Entanglement 
 algorithmic development in d-dimensional continuous space



Rényi Entanglement Entropies
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Alfréd Rényi

An alternate measure of entanglement
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The Replica Method
Computing Rényi entanglement entropies by swapping 
subregions between non-interacting identical copies

P. Calabrese and J. Cardy, J. Stat. Mech.: Theor. Exp. P06002 (2004)

Ā

A ⌦

 swap subregions

Ā

A’ A

Ā’

\SWAP

claim:
S2(A) = �log Tr ⇢2A = �log

D
\
SWAP

E

A’

Ā’

α = 2 → 2 replicas of system

⌦



Studying SWAP for 
quantum liquids

algorithmic development needed!



Path Integral Ground State QMC
Description

Configurations
project trial wavefunction to the ground 
state in R basis:

discrete imaginary time worldlines 
constructed from products of the short  
time propagator G(R,R0;��) =

⌦
R
��e���Ĥ
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Observables
exact method for computing 
ground state expectation 
values 
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Local and non-local worldline deformations 
with weights controlled by H and

example: 1d → (1+1)d

�T (R)
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Technology adapted from other QMC flavors

Break paths at the center time slice τ, measure      
when replicas are linked via short time propagator G.

Porting the Replica Method to PIGS

M. B. Hastings, I. González, A. B. Kallin, and R. G. Melko, PRL 104, 157201 (2010) 
R. Melko, A. Kallin, and M. Hastings, PRB 82, 100409 (2010) 
C. Herdman, R. Melko and A.D. Phys. Rev. B, 89, 140501 (2014) 
C. M. Herdman, S. Inglis, P. N. Roy, R. G. Melko, and A.D., PRE 90, 013308 (2014)

spaceĀ

T. Grover, Phys. Rev. Lett. 111, 130402 (2013) 
Assaad,  Lang, Toldin, Phys. Rev. B 89, 125121 (2014) 
Broecker and Trebst, J. Stat. Mech. (2014) P08015 
J. E. Drut and W. J. Porter, PRB 92, 125126 (2015)
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SWAP Simulation Details

2τ

LA Ā

bipartition defined 
at physical slice ψ0

replicate the system

break paths at 
physical slice ψ0

connect paths between replicas:
¨⁄SWAP
∂
=
¨
G
Ä
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î
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Benchmarking on a Solvable Model
Lieb-Liniger model of δ-function interacting bosons on a ring

E. H. Lieb and W. Liniger, PR 130, 1605 (1963) 
C. M. Herdman, P. N. Roy, R. G. Melko, and A.D., PRB B 94, 064524 (2016)
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Area Law in 4He 
entanglement scaling in a real quantum liquid

A
A

Entanglement and Entropy 
quantifying uncertainty in many-body systems

A Ā

Measuring Entanglement 
 algorithmic development in d-dimensional continuous space



How does entanglement 
scale with the size of 

the subregion?
S(ℓ) ~ ℓ λ

thermodynamic entropy is 
extensive ⇒ λ = d

ℓ
S

2ℓ

8S

is this always the case?

ℓ

ℓA
Ā



Black Hole Entropy Area Law
Black hole thermodynamics: 
• Quantum black holes emit thermal radiation  

• Area Law: entropy of a black hole is 
proportional to surface area, not volume!

SBH ∝ area
J.D. Bekenstein, PRD 7, 2333 (1973)  

S.W. Hawking, Nature 248, 30 (1974) 

A

Ā

R

Is this due to entanglement? 
• Toy model: coupled harmonic oscillators 

• “Area Law”: number of springs connecting 
A with Ā scales with boundary size

L. Bombelli, et al., PRD 34, 373 (1986) 
M. Srednicki PRL 71, 666 (1993)

M.B. Hastings, J. Stat. Mech., P08024 (2007)

Proof for gapped ground states in d = 1



What about our real 
quantum phase of 

matter?
helium-4
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Entanglement in Superfluid 4He
3d box at T = 0 with periodic boundary conditions at SVP

r

V(r)

Measure entanglement S2(R) between spherical region of 
radius R and the rest of the box

R

Investigate scaling by changing the radius of the sphere
C. M. Herdman, P.-N. Roy, R. G. Melko & A.D. Nature Phys 13, 556 (2017)
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Scaling of the Entanglement

A
A

S2(R) ∝ 4πR2

C. M. Herdman, P.-N. Roy, R. G. Melko & A.D. Nature Phys 13, 556 (2017)



Area Law vs. Volume Law
Area: Volume:

2 fit parameters inter-particle separation

C. M. Herdman, P.-N. Roy, R. G. Melko & A.D. Nature Phys 13, 556 (2017)
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Discovery of an area law in a real quantum liquid 
Quantum entanglement scales  
with the surface area and not  
volume in superfluid 4He Analogous to 

Bekenstein-Hawking 
black hole entropy

http://delmaestro.org/adrian 
http://code.delmaestro.org 
https://github.com/DelMaestroGroup 
@agdelma

S2 ∝ R2

Prospects for measurement and manipulation? 
Can numerically determine an 
entanglement equation of state
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http://delmaestro.org/adrian
http://code.delmaestro.org
https://github.com/DelMaestroGroup
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