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MONTE CARLO INTEGRATION

INTEGRATING A FUNCTION ‘

» convert the integral to a discrete sum
/f b_a2f< b_a)w(l/N)

» higher order integrators

» trapezoidal rule

[ =" @+ X (a5 4 3500 | +o0/n)

» Simpson rule
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MONTE CARLO INTEGRATION

HIGH-DIMENSIONAL INTEGRALS

» Simpson rule with M points per dimension

» in one dimension the error is O(M™)

» in d dimensions we need N=M? points: the error is O(M*)=O(N*¢)

» an order-n scheme in one dimension is order-n/d in d
dimensions!

» statistical mechanics with N particles requires 6N-dimensional
integrals (3N positions + 3N momenta)

» integration becomes extremely inefficient: curse of
dimensionality
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ULAM: THE MONTE CARLO METHOD

» What is the probability to win in Solitaire?

» Ulam: play it 100 times, count the
number of wins and you have a pretty

good estimate!

wikipedia.org/wiki/Microsoft_Solitaire
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MONTE CARLO INTEGRATION

 Jo J(@)di

o 7
» instead of evaluating it at equally spaced points evaluate it
at M points x; randomly chosen in @

()~ (@)

» consider an integral (f)

» the error is statistical: A=
Varf = (f°) — (f)°

» in d>8 dimensions Monte Carlo is better than Simpson!
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SHARPLY PEAKED FUNCTIONS

» in many cases the integrand is
large only in a tiny region

» lots of time wasted in regions
where integrand is small

N P
» sampling error is large because R |
variance is large .\ /

wasted effort
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IMPORTANCE SAMPLING

» choose points with probability
p(x) instead of uniformly

<f>=<£>p:/! gégp(f)df//!df

» the error is now determined by
Varf/p

» find p similar to f and such that
p-distributed random numbers
are easily available

f(m f

p(x)
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RANDOM NUMBERS

» real random numbers are hard to obtain
» classical chaos (atmospheric noise)

» guantum mechanics

» commercial quantum random number
generators

idguantigue.com

» based on photons and semi-transparent mirrors

» 4 Mbit/s from a USB device, too slow for most
MC simulations


http://idquantique.com

RANDOM NUMBERS

PSEUDO RANDOM NUMBERS

» are generated by an algorithm

» not random at all, but completely deterministic

» look nearly random though when algorithm is not known
» may be good enough for our purpose

» never trust pseudo-random numbers however!



wikipedia.org/wiki/RANDU

RANDOM NUMBERS

LINEAR CONGRUENTIAL GENERATORS

» are of the simple form x,,,.; = f(x,)

» e.g.the GGL generator 7,41 = (az, +¢) mod m
with a=16807, c=0, m=2°"-1

» quality depends sensitively on a, ¢, m

» periodicity is a problem with such 32-bit generators
» sequence repeats identically after 2°'-1 iterations

» with 500 million numbers per second that is just 4 seconds!

» should not be used any more!



RANDOM NUMBERS

LAGGED FIBONACCI GENERATORS

Tn = Tn_p! Tn_q modm
» good choices are

» (2281, 1252, +)

» (2689,5502, +)

» (44497,23463, +)

» seed blocks usually generated by linear congruential
» very long periods due to large block of seeds

» very fast: vectorizes and pipelines well



RANDOM NUMBERS

MORE ADVANCED GENERATORS

» as well-established generators fail new tests, better and
better generators are developed

» Mersenne twister (Matsumoto & Nishimura 1997)

» Well generator (Panneton & L'Ecuyer 2004)

» based on lagged Fibonacci generators, improved with
random bit shuffles

» deep number theory enters design of these generators



RANDOM NUMBERS

ARE THESE NUMBERS REALLY RANDOM?

» No!

» Are they random enough?

» Maybe?

» Statistical tests for distribution and correlations

» Are these tests enough?

» No! Your calculation could depend in a subtle way on hidden correlations!

» What is the ultimate test?

» Run your simulation with various random number generators and compare
the results



Werner Krauth:
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procedure direct-pi
Nhits < O (initialize)
fori=1,...,Ndo
x «—ran[—1,1]
y «—ran[—1, 1]
if (X2 + )/2 < ]-) Nhits < Nhits + 1
output Njis

Five trials with N = 4000

Nuits  estimation
3156 3.156
3129 3.129
3154 3.154
3134 3.134
3148 3.148




A Ballistic Monte Carlo Approximation of 7

Vincent Dumoulin'
DZpartement dOinformatique et de recherche opZrationnelle
UniversitZ de MontrZal

Félix Thouin
DZpartement de physique
UniversitZ de MontrZal
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We compute a Monte Carlo approximation of 7 using importance sampling with shots coming
out of a Mossberg 500 pump-action shotgun as the proposal distribution. An approximated value
of 3.131 is obtained, corresponding to a 0.33% error on the exact value of w. To our knowledge, this
represents the first attempt at estimating 7 using such method, thus opening up new perspectives
towards computing mathematical constants using everyday tools.

Keywords: shotgun, !, Monte Carlo, importance sampling

I. INTRODUCTION

The ratio between a circle’s circumference and its di-
ameter, named 7, is a mathematical constant of crucial
importance to science, yet most scientists rely on pre-
computed approximations of m for their research. This
is problematic, because scientific progress relies on infor-
mation that will very likely disappear in case of a cata-
clysmic event, such as a zombie apocalypse. In such case,
scientific progress might even stop entirely. This moti-
vates the need for a robust, yet easily applicable method
to estimate .

where x; ~ f (x) means x; is drawn f (x).
Note that [E;|[g(x)] is a consistent estimator of

Ef [g(x)], ie. [t [g(x)] converges in probability to
Ef [g(x)] as N — oo. Furthermore, its variance decreases
as &+ independently of the dimensionality ofx. For more
details, see [2].







procedure markov-pi
hits«—0; X «—1; y «— —1
fori=1,...,N do
I X «— ran[-!,!]
ly « ran[-!,!]
if (|x+!x]<1and]|y+!y|<1)then

X «— X+ 1IXx
{y<—Y+!y
if (X% 4 y? < 1) Nhits < Npits + 1
output Nhits
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MARKOV CHAIN MONTE CARLO

MONTE CARLO FOR CLASSICAL SYSTEMS

» evaluate phase space integral by importance sampling

~ JoA(o)p(c)dc I :
A oped i Mo

» pick configurations with correct Boltzmann weight

(= MO - 0l LE)

» But how do we create configurations with that
distribution?

» The key problem in statistical mechanics!
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Equation of State Calculations by Fast Computing Machines

NicHorAs METroPOLIS, ARIANNA W. ROSENBLUTH, MARSHALL N. ROSENBLUTH, AND AucustA H. TELLER,
Los Alamos Scientific Laboratory, Los Alamos, New Mexico

AND

EpwarDp TELLER,* Depariment of Physics, University of Chicago, Chicago, Illinois
(Received March 6, 1953)

A general method, suitable for fast computing machines, for investigating such properties as equations of
state for substances consisting of interacting individual molecules is described. The method consists of a
modified Monte Carlo integration over configuration space. Results for the two-dimensional rigid-sphere
system have been obtained on the Los Alamos MANTAC and are presented here. These results are compared
to the free volume equation of state and to a four-term virial coefficient expansion.

I. INTRODUCTION II. THE GENERAL METHOD FOR AN ARBITRARY
POTENTIAL BETWEEN THE PARTICLES

HE purpose of this paper is to describe a general |
method, suitable for fast electronic computing In order to reduce the problem to a feasible size for
machines, of calculating the properties of any substance numer ical work, we can, of course, consider only a finite
which may be considered as composed of interacting number of particles. This numberoN may be as high as
individual molecules. Classical statistics is assumed, Several undreq. Our system consists of a squaref con-
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MARKOV CHAIN MONTE CARLO

» instead of drawing independent samples c; we build a
Markov chainc; 2 co = ... > ¢ci 2> ciz1 — ...

» transition probabilities W, , for transition x = y need to
satisfy
» ergodicity: any configuration reachable from any other

Ve n t(WP)p >0

» balance: the distribution is stationary

V= %p(x):! p(Y)Wy, 2 ! | P(X)Wy,, =" p(X)=! P(Y)Wy o

Yy Y Y
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DETAILED BALANCE

» simplest and most common way to satisfy balance
condition

P(Y)Wyx = p(X)Wyy
» detailed balance is sufficient but not necessary for balance

» global balance algorithms can explore configuration space
more efficiently — but are harder to construct
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THE METROPOLIS ALGORITHM

» Teller's proposal was to use rejection sampling:
» propose a change with an a-priori proposal rate A,
» accept the proposal with a probability Py,

» the total transition rate is W, = A, Px,

» the choice i APY)
. " Axy P(X)
satisfies detailed balance and was first proposed by
Metropolis at al.
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METROPOLIS ALGORITHM FOR THE ISING MODEL

1. pick a random spin and propose to flip it
2. accept the flip with probability P =min 1, ¢ BAEnen! Eoua)

3. perform a measurement — independent of whether the
flip was accepted or rejected!
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EQUILIBRATION

» starting from a random initial configuration it takes a while
to reach the equilibrium distribution

» the desired equilibrium distribution is a left eigenvector
with eigenvalue 1 (balance condition)

p(z)=  p(y)Wyx
y
» convergence controlled by second-largest eigenvalue
p(x,t) = p(a) + O(e’ )
» we need to run the simulation for a while to equilibrate
and only then start measuring
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THE DOGS & FLEAS MODEL

» two dogs play
» Anik has 50 fleas

» Burnside has no fleas
» at each time step a random flea jumps to the other dog
» what is the distribution of fleas after they played?

» Vinay Ambegaokar and Matthias Troyer
American Journal of Physics 78, 150 (2010)
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MONTE CARLO ERROR ANALYSIS

~ VarA
\Y/

is valid only for independent samples

» the simple formula ! 4=

» Metropolis algorithm generates correlated samples!

» number of independent samples is reduced:

~ VarA

» autocorrelation time is defined by
2 TALAMHI A

IA — =1
' VarA
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BINNING ANALYSIS

take averages of consecutive measurements: averages
become less correlated and naive error estimates converge
to real error

AL Ay A3 Ay As A Az Ag Ag Ao A A Az Ay Ass Age

Al = =
NN/ NSNS NS N N Y 2

A A2I1 A " A 1" A5I1 A6|]_ A 11" 8'1

\/ \/ \/ \/
\A./ N S

As

6

binning level |
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BINNING ANALYSIS

AL Ay Ay Ay A Ag Ar Ag Ay Apg Ay Ay Az Ay Ags Agg a smart implementation
\A/ \A;{l \A»I/l \A;/l \A;{ }6/1 }7,{ \8/ needs only O(log N)
\ / \ / \ / \ / memory for N
A'Z\ /A'Z A'Z\ / measurements
A
O = varAO/M O
T (1+215)VarAM

= 10 2VarA®
AT S TAD

binning level |
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CORRELATED QUANTITIES

» how do we calculate the errors of functions of correlated
measurements?

. IE2"# 1 E"2
» specific heat ¢v = =2
, Im*'
» Binder cumulant T
rm

» the naive way of assuming uncorrelated errors is wrong!
» also nonlinearities can lead to biased results!

» jackknife/bootstrap resampling



